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Here we analyze the finite temperature expectation values of the charge and current den-
sities for a massive fermionic quantum field with nonzero chemical potential, µ, induced
by a magnetic flux running along the axis of an idealized cosmic string. These densities
are decomposed into the vacuum expectation values and contributions coming from the
particles and antiparticles. Specifically the charge density is an even periodic function
of the magnetic flux with the period equal to the quantum flux and an odd function of
the chemical potential. The only nonzero component of the current density corresponds
to the azimuthal current and it is an odd periodic function of the magnetic flux and an
even function of the chemical potential. Both analyzed are developed for the cases where
|µ| is smaller than the mass of the field quanta, m.
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1. Introduction
Cosmic strings are among the most important class of linear topological defects with
the conical geometry outside the core.1 The formation of these type of topologically
stable structures during the cosmological expansion is predicted in most interesting
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models of high energy physics. They have a number of interesting observable conse-
quences, the detection of which would provide an important link between cosmology
and particle physics.
In quantum field theory, the conical topology of the spacetime due to the pres-
ence of a cosmic string causes a number of interesting physical effects. In particular,
many authors have considered the vacuum polarization effects for scalar, fermionic
and vector fields induced by a planar angle deficit. In addition to the deficit angle
parameter, the physical origin of a cosmic string is characterized by the gauge field
flux parameter describing a magnetic flux running along the string’s core. The lat-
ter induces additional polarization effects for charged fields.2-9 Though the gauge
field strength vanishes outside the string’s core, the nonvanishing vector potential
leads to Aharonov-Bohm-like effects on scattering cross sections and on particle
production rates around the cosmic string.10 For charged fields, the magnetic flux
along the string core induces nonzero vacuum expectation value of the current
density. The latter, in addition to the expectation values of the field squared and
the energy-momentum tensor, is among the most important local characteristics of
the vacuum state for quantum fields. The azimuthal current density for scalar and
fermionic fields, induced by a magnetic flux in the geometry of a straight cosmic
string, has been investigated in Ref.s 12-16.
Here we shall consider the effects of the finite temperature and nonzero chemical
potential on the expectation values of the charge and current densities for a massive
fermionic field in the geometry of a straight cosmic string for arbitrary values of the
planar angle deficit.
2. Geometry and Fermionic Modes
The background geometry corresponding to a straight cosmic string lying along the
z-axis can be written through the line element
ds2 = dt2 − dr2 − r2dφ2 − dz2 , (1)
where r > 0, 0 6 φ 6 φ0 = 2pi/q, −∞ < t < +∞. The parameter q > 1 codifies
the planar angle deficit. In the presence of an external electromagnetic field with
the vector potential Aµ, the dynamics of a massive charged spinor field in curved
spacetime is described by the Dirac equation,
(iγµDµ −m)ψ = 0 , Dµ = ∂µ + Γµ + ieAµ, (2)
where γµ are the Dirac matrices in curved spacetime and Γµ are the spin connec-
tions. For the geometry at hand the gamma matrices can be taken in the form
γ0 =
(
1 0
0 −1
)
, γl =
(
0 ρl
−ρl 0
)
, (3)
where the 2× 2 matrices ρl are
ρ1 =
(
0 e−iqφ
eiqφ 0
)
, ρ2 = − i
r
(
0 e−iqφ
−eiqφ 0
)
, ρ3 =
(
1 0
0 −1
)
. (4)
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We shall admit the existence of a gauge field with a constant vector potential as
Aµ = (0, 0, Aφ, 0) . (5)
The azimuthal component Aφ is related to an infinitesimal thin magnetic flux, Φ,
running along the string by Aφ = −qΦ/(2pi).
The field operator can be expanded in term of a complete set of normalized
positive- and negative-energy solution {ψ(+)σ , ψ(−)σ } of (2), specified by a set of quan-
tum numbers σ, as:
ψ =
∑
σ
[aˆσψ
(+)
σ + bˆ
+
σ ψ
(−)
σ ] , (6)
where aˆσ and bˆ
+
σ represent the annihilation and creation operators corresponding
to particles and antiparticles respectively.
Here, we are interested in the effects of the presence of the cosmic string and
magnetic flux on the expectation values of the charge and current densities assuming
that the field is in thermal equilibrium at finite temperature T . The standard form of
the density matrix for the thermodynamical equilibrium distribution at temperature
T is
ρˆ = Z−1e−β(Hˆ−µ
′Qˆ), β = 1/T , and Z = tr[e−β(Hˆ−µ
′Qˆ)] , (7)
where Hˆ is the Hamilton operator, Qˆ denotes a conserved charge and µ′ is the corre-
sponding chemical potential. The thermal average of the creation and annihilation
operators are given by:
tr[ρˆaˆ+σ aˆσ′ ] =
δσσ′
eβ(ε
(+)
σ −µ) + 1
,
tr[ρˆbˆ+σ bˆσ′ ] =
δσσ′
eβ(ε
(−)
σ +µ) + 1
, (8)
where µ = eµ′ and ±ε(±)σ with ε(±)σ > 0, are the energies corresponding to the
modes ψ
(±)
σ .
The expectation value of the fermionic current density given by 〈jν〉 =
e tr[ρˆψ¯(x)γνψ(x)], can be expressed by
〈jν〉 = 〈jν〉0 +
∑
χ=+,−
〈jν〉χ , (9)
where
〈jν〉0 = e
∑
σ
ψ¯(−)σ (x)γ
νψ(−)σ (x), (10)
is the vacuum expectation value and
〈jν〉± = ±e
∑
σ
ψ¯
(±)
σ γνψ
(±)
σ
eβ(ε
(±)
σ ∓µ) + 1
. (11)
Here, 〈jν〉± is the part in the expectation value coming from the particles for the
upper sign and from the antiparticles for the lower sign.
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We shall use the normalized fermionic modes found in Ref. 17 specified by the
set of quantum numbers σ = (λ, k, j, s) with
λ > 0, −∞ < k < +∞, j = ±1/2,±3/2, . . . , s = ±1. (12)
These functions are expressed as
ψ(±)σ (x) = C
(±)
σ e
∓iEt+ikz+iqjφ

Jβj (λr)e
−iqφ/2
sJβj+j (λr)e
iqφ/2
±k−isjλE±m Jβj (λr)e−iqφ/2
∓sk−isλjE±m Jβj+j (λr)eiqφ/2
 , (13)
where Jν(x) is the Bessel function, |C(±)σ |2 = qλ(E±m)16pi2E and
E = ε(±)σ =
√
λ2 + k2 +m2 , βj = q|j + α| − j/2 , α = eAφ/q = −Φ/Φ0 , (14)
with j = sgn(j + α) and Φ0 = 2pi/e being the flux quantum.
3. Charge Density
We start with the charge density corresponding to the ν = 0 component of (9).
In Ref. 17 we have explicitly shown that the formal expression for the vacuum
expectation value of charge density is given in terms of a divergent integral. In
order to obtain a finite and well defined result we introduced a cutoff function.
With this cutoff the integral could be evaluated. Our next steps were to subtract
the Minkowskian part (α0 = 0, q = 1) and to remove the cutoff function. As final
result a vanishing value for the renormalized charge density was obtained.
Substituting the mode functions (13) into (11), for the contributions coming
from the particles and antiparticles we get〈
j0
〉
± = ±
eq
8pi2
∑
σ
λ
J2βj (λr) + J
2
βj+j
(λr)
eβ(E∓µ) + 1
, (15)
where we use the notation∑
σ
=
∫ +∞
−∞
dk
∫ ∞
0
dλ
∑
s=±1
∑
j
. (16)
In the case µ = 0 the contributions from the particles and antiparticles cancel each
other and the total charge density,〈
j0
〉
=
〈
j0
〉
+
+
〈
j0
〉
− , (17)
is zero. From (15) one can see that the charge density is an even periodic function
of the parameter α with the period equal to 1. Consequently the charge density is
a periodic function of the magnetic flux with the period equal to the quantum flux.
If we present this parameter as
α = n0 + α0, |α0| 6 1/2, (18)
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with n0 being an integer, then the current density depends on α0 alone.
Here in this paper we shall consider only the case |µ| < m.a By using the
expansion (ey + 1)−1 = −∑∞n=1(−1)ne−ny, the charge densities for particles and
antiparticles can be presented in the form
〈
j0
〉
± = ∓
eqβ
4pi2r4
∞∑
n=1
(−1)nne±nβµ
∫ ∞
0
dxx
×F (q, α0, x)e−m2r2/2x−(1+n2β2/2r2)x , (19)
where the notation
F (q, α0, x) =
∑
j
[
Iβj (x) + Iβj+j (x)
]
, (20)
is introduced. In Ref. 19 we have shown that
F (q, α0, x) =
4
q
ex
2
+
[q/2]∑
k=1
(−1)kck cos (2pikα0) ex cos(2pik/q)
+
q
pi
∫ ∞
0
dy
h(q, α0, 2y) sinh y
cosh(2qy)− cos(qpi)e
−x cosh (2y)
]
, (21)
where [q/2] means the integer part of q/2 and the notation
h(q, α0, x) =
∑
χ=±1
cos [(1/2 + χα0) qpi] sinh [(1/2− χα0) qx] , (22)
is assumed. Here and in what follows we use the notations
ck = cos (pik/q), sk = sin (pik/q). (23)
Substituting (21) into (19), after integration over x, we find the expression
〈
j0
〉
± =
〈
j0
〉
M± ∓
2em4β
pi2
∞∑
n=1
(−1)nne±nβµ
×
[q/2]∑
k=1
(−1)kck cos (2pikα0) f2(mβsn(r/β, k/q))
+
q
pi
∫ ∞
0
dy
sinh (y)h(q, α0, 2y)
cosh(2qy)− cos(qpi)f2(mβcn(r/β, y))
]
, (24)
where 〈
j0
〉
M± = ∓
eβm4
pi2
∞∑
n=1
(−1)nne±nβµf2(nmβ), (25)
aThe analysis for the case |µ| > m is given in Ref. 18.
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is the corresponding charge density in Minkowski spacetime in the absence of the
magnetic flux and the cosmic string (α0 = 0, q = 1). Here we have introduced the
notations
fν(x) = x
−νKν(x), (26)
with Kν(x) being the MacDonald function and
sn(x, y) =
√
n2 + 4x2 sin2(piy), cn(x, y) =
√
n2 + 4x2 cosh2 y . (27)
For the total charge density one gets〈
j0
〉
= −4em
4β
pi2
∞∑
n=1
(−1)nn sinh(nβµ)
[
1
2
f2(mβn)
+
[q/2]∑
k=1
(−1)kck cos (2pikα0) f2(mβsn(r/β, k/q))
+
q
pi
∫ ∞
0
dy
h(q, α0, 2y) sinh y
cosh(2qy)− cos(qpi)f2(mβcn(r/β, y))
]
. (28)
We present in figure 1, the total charge density as a function of the parameter α0
(left panel) and the charge density induced by the string and magnetic flux as a
function of the temperature (right panel). The numbers near the curves correspond
to the values of the parameter q. The graphs on the left panel are plotted for
T/m = 1, mr = 0.25, and µ/m = 0.5. On the right panel, the full and dashed
curves correspond to the values α0 = 1/2 and α0 = 0, respectively (note that for
q = 1, α0 = 0 one has
〈
j0
〉− 〈j0〉
M
= 0). For the graphs on the right panel we have
taken µ/m = 0.5 and mr = 1/8.
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Fig. 1. The total charge density as a function of the parameter α0 (left panel) and the charge
density induced by the string and magnetic flux as a function of the temperature (right panel).
The numbers near the curves correspond to the values of the parameter q. The graphs on the left
panel are plotted for T/m = 1, mr = 0.25, and µ/m = 0.5 . On the right panel, the full and
dashed curves correspond to the values α0 = 1/2 and α0 = 0, respectively. For the graphs on the
right panel we have taken µ/m = 0.5 and mr = 1/8
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At large distance and high temperature the Minkowski contribution dominates
and the one induced by the cosmic string and magnetic flux are exponentially sup-
pressed.18 In figure 2, we present the charge density as a function of the radial co-
ordinate. The full and dashed lines correspond to the values α0 = 1/2 and α0 = 0,
respectively. The numbers near the curves present the values of the parameter q.
The graphs are plotted for T/m = 1 and µ/m = 0.5.
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Fig. 2. The charge density versus the radial coordinate. The full and dashed lines correspond to
the values α0 = 1/2 and α0 = 0, respectively. The numbers near the curves present the values of
the parameter q. The graphs are plotted for T/m = 1 and µ/m = 0.5.
4. Azimuthal Current
Now we turn to the investigation of the current density. The only nonzero component
corresponds to the azimuthal current (ν = 2 in (9)). By taking into account the
expression for the mode functions, from (11) for the physical components of the
current densities of the particles and antiparticles, 〈jφ〉± = r
〈
j2
〉
±, we get
〈jφ〉± =
eq
4pi2
∑
σ
j
λ2
E
Jβj (λr)Jβj+j (λr)
eβ(E∓µ) + 1
, (29)
where the upper and lower signs correspond to the particles and antiparticles re-
spectively and the collective summation is defined by (16).
For the case |µ| < m, by using the same expansion for the denominator as we
did in the previous case, the current densities (29) reads
〈jφ〉± = −
eq
2pi2r3
∞∑
n=1
(−1)ne∓nβµ
∫ ∞
0
dxxe−m
2r2/(2x)−(1+n2β2/(2r2))xG(q, α0, x),
(30)
with the notation
G(q, α0, x) =
∑
j
[
Iβj (x)− Iβj+j (x)
]
. (31)
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By using the integral representation for the modified Bessel function we can
write
G(q, α0, x) =
4
q
[q/2]∑′
k=1
(−1)ksk sin (2pikα0) ex cos(2pik/q)
+
4
pi
∫ ∞
0
dy
g(q, α0, 2y) cosh y
cosh(2qy)− cos(qpi)e
−x cosh (2y), (32)
with the notation
g(q, α0, x) =
∑
χ=±1
χ cos [(1/2 + χα0) qpi] cosh [(1/2− χα0) qx] . (33)
The prime on the summation sign in (32) means that, in the case where q is an even
number, the term with k = q/2 should be taken with the coefficient 1/2.
Substituting (32) into (30), after integrating over x, we obtain
〈jφ〉± = −
4em4r
pi2
∞∑
n=1
(−1)ne∓nβµ
×
 [q/2]∑′
k=1
(−1)ksk sin (2pikα0) f2 (mβsn(r/β, k/q))
+
q
pi
∫ ∞
0
dy
cosh (y) g(q, α0, 2y)
cosh(2qy)− cos(qpi)f2(mβcn(r/β, y))
]
, (34)
where the functions in the arguments of f2(x) are defined by (27). For the case
q = 1, i.e. in the absence of conical defect, the above expression reduces tob
〈jφ〉± =
4em4r
pi3
sin(α0pi)
∞∑
n=1
(−1)ne∓nβµ
×
∫ ∞
0
dy cosh(2α0y)f2 (mβcn(r/β, y)) . (35)
Taking into account the expression for the vacuum expectation value of the
current density from,17 the total current density reads
〈jφ〉 = −8em
4r
pi2
∞∑′
n=0
(−1)n cosh(nβµ)
×
 [q/2]∑′
k=1
(−1)ksk sin (2pikα0) f2 (mβsn(r/β, k/q))
+
q
pi
∫ ∞
0
dy
cosh (y) g(q, α0, 2y)
cosh(2qy)− cos(qpi)f2 (mβcn(r/β, y))
]
, (36)
bThe Minkowskian contribution (q = 1, α0 = 0) vanishes.
October 22, 2018 5:50 WSPC/INSTRUCTION FILE Induced˙currentRev
Induced fermionic current at finite temperature 9
where the prime on the sign of the summation over n means that the term n = 0
should be taken with the coefficient 1/2. This term corresponds to the vacuum
expectation value of the current density, 〈jφ〉0.
Now we would like to analyze the case of a massless field. Because of the con-
dition |µ| 6 m, we should also take µ = 0. By using the asymptotic expression
for the MacDonald function for small argument, the summation over n takes the
form
∑′∞
n=0
(−1)n (n2 + x2)−2, that can be expressed in terms of the hyperbolic
functions. So we get
〈jφ〉 = − eT
2pir2
 [q/2]∑′
k=1
(−1)k
s2k
sin (2pikα0)h(2rTsk)
+
q
pi
∫ ∞
0
dy
g(q, α0, 2y)
cosh(2qy)− cos(qpi)
h(2rT cosh y)
cosh2 y
]
, (37)
where we have introduced the function
h(x) =
1 + pix coth(pix)
sinh(pix)
. (38)
We plot in figure 3, for a massless field with µ = 0, the azimuthal current density
as a function of the parameter α0 (left panel) and as a function of the temperature
(right panel). The numbers near the curves correspond to the values of q. In the
graphs on the left panel we assume rT = 0.25 and on the right α0 = 0.25.
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Fig. 3. The azimuthal current density for a massless field with zero chemical potential as a
function of α0 (left panel) and as a function of the temperature (right panel). The numbers near
the curves correspond to the values of q. For the graphs on the left panel rT = 0.25 and for the
right panel α0 = 0.25.
5. Conclusion
In this paper, we have analyzed the combined effects of the planar angle deficit and
the magnetic flux on the charge and current densities for a massive fermionic field at
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thermal equilibrium considering nonzero chemical potential. These densities are de-
composed into the vacuum expectation values and finite temperature contributions,
coming from the particles and antiparticles.
For the charge density the renormalized vacuum expectation value vanishes and
the expectation value for the particles and antiparticles in the case |µ| 6 m are given
by (24). The charge density is an even periodic function of the magnetic flux with
period equal to the quantum flux. For the zero chemical potential the contributions
from the particles and antiparticles cancel each other and the total charge density,
given by (28), vanishes.
The only nonzero component of the expectation value for the current density
corresponds to the current along the azimuthal direction. This current vanishes
in the absence of the magnetic flux and is an odd periodic function of the latter
with the period equal to the quantum flux. The azimuthal current density is an even
function of the chemical potential. For the zero chemical potential, the contributions
to the total current density from the particles and antiparticles coincide.
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